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The possibil i ty of solving a nonlinear problem of heat conduction by the method of succes -  
sive intervals is considered.  A descr ipt ion is given of the algori thm real izing this method. 
The effectiveness of applying the method is d iscussed and a comparison with the mesh method 
is presented.  

A number of questions associated with heat t r ans fe r  in solids whose thermophysical  pa ramete rs  
depend strongly on the tempera ture  (as an example, the coefficient of heat conduction of si l icon var ies  
170- and of germanium 60-fold in the 0-1000~ range) a r i ses  in the investigation of the heat modes of 
radioelectronic  apparatus ~EA) .  The necessi ty  to compute the tempera ture  field of semiconductor in- 
s t ruments  requires  the solution of a nonlinear problem of heat conduction. Numerical  methods [1] are  
ordinar i ly  used to solve such problems.  

Let us examine the possibili ty of using the method of successive intervals [2] to solve the nonlinear 
problem. 

It is known that the solution of an incorrect  problem about the tempera ture  field in the following 
formulation:  
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when q2(r) and t(x, r) must be found, resul t s  in a Volterra integral  equation of the f i rs t  kind: 

~ t (x, q) 
0 

e x p  [ (R - -  x)" 
4a ( v - - q )  ] 

(z --  T1)3/2 

exp[ (R--x)2 ] 
a(~ --'q) + J" t (R, n) 

0 (': - -  ~1)3/~ 

dq = ~R~ax t(R,  ~) + 

a;  q~ (q) • t i n +  ~(---x-tr ) 

expl (R - -  x)~ 1 
a(~--~) d~l a I ~" 

ql (q) (~ __  11)1/2 • ( ~  _ q)1/2 ~ (R - -  x) dq. 

(1) 

(2) 

(3) 

(4) 

(5) 

Moscow Electrotechnical  Institute of Communications.  Transla ted  f rom Inzhenerno--Fiztcheskii 
Zhurnal,  Vol. 29, No. 1, pp. 170-174, July, 1975. Original ar t ic le  submitted January 7, 1975. 

019 76 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $15. 00. 

9 4 3  



Some numer i ca l  method is  a l so  used  ord inar i ly  to  de t e rmine  the t e m p e r a t u r e  field by means  of this 
solution. 

But the solut ion of the p r o b l e m  (1)- (4) can  be obtained by using the solution in succes s ive  in te rva l s  
for  the t e m p e r a t u r e  field in the ~-atl during a p r o c e s s  of nonsta t ionary  heat  t r a n s m i s s i o n  through it .  Fo r  
a ze ro  init ial  t e m p e r a t u r e  dis t r ibut ion,  th is  solution has the following f o r m  [3]: 

- ~  ,~AF(y, z6o) -  q~,~hF(1--y, z~r , (6) 
i ~ l  i = l  

Hence,  the magnitude of the des i r ed  heat  flux q2@) will be de te rmined  as follows in the f i r s t  in te rva l :  

l {q~ahF[(l_yO, c O l _ R t ( g , ,  o)}, 
q*'~ AF (y, m) 

and by the e x p r e s s i o n  

(7) 

q~"~ = AF (y,1 r .=o q1,~+lhF [(I - -  Yx); (n - -  k) o] - -  Z~=0 q,,~+~AF [Yl, (n -- k) co] - - -~  t (Y, no) (8) 

in  al l  the following in te rva l s  for  2 <- n -< N. Here  it is a s sumed  that  y = x/]R and ~ = AFo. Having d e t e r -  
mined the whole sequence of va lues  q2,k, or ,  in other  words ,  having de te rmined  the function q2(T), the t e m -  
p e r a t u r e  field of a plate,  including the t e m p e r a t u r e  at x = 0 a lso ,  can be de te rmined  by means  of t h e  so lu-  
t ion (6). T h e r e f o r e ,  the solut ion of the n o n s y m m e t r i c  p rob l em of heat  conduction in s u c c e s s i v e  in te rva l s  
p e r m i t s  computa t ion  of the t e m p e r a t u r e  field when the  hea t -exchange  conditions a r e  known only on one 
body sur face  (plate) in the f o r m  (3)-{4). 

Th is  s ingular i ty  of the solut ion in s u c c e s s i v e  in te rva l s  can  be used  to  obtain an  approx imate  solut ion 
of the nonlinear  p r o b l e m  of heat  conduction which can  be  fo rmula ted  as  fol lows: 

ot "_____A = o [ r ot cx, (9) 
C (t) 9 (t) Or ax L ax ] 

for  0 -  < r - - c o a n d 0 - x - < R  

t (x, o) = o, (1 o) 

- -  ~, (t) Ot (X,ox ~) x=a= q~ (% (11) 

t ( R ,  T) = t 1 (T).  (12) 

It is  r equ i r ed  to  de t e rmine  the t e m p e r a t u r e  field in a pla te ,  including t(0, r )  and the heat  flux q2(r) pass ing  
through the su r f a ce  x = 0, 

To  obtain the des i r ed  a lgo r i thm of the solution of the nonlinear p r o b l e m  (9)-(12) let us par t i t ion  the 
body (plate) into a number  of domains  (Figs.  1 and 2) and s ta r t ing  f r o m  the given t e m p e r a t u r e  on the boun- 
da ry  of the f i r s t  domain  let us se lec t  the value of the t he rmophys i ca l  p a r a m e t e r s  in this domain.  Then, 
using the solut ion of the i nco r r ec t  p r o b l e m  (1)-(4) in succes s ive  in te rva l s ,  let us de te rmine  the t e m p e r a -  
tu re  and heat  flux on the second boundary of the spat ia l  domain  in the given t ime  in te rva l .  F u r t h e r m o r e ,  
let us find the t e m p e r a t u r e  and heat  flux on the boundary of this  s a m e  spat ia l  domain  for  the next t ime  in-  
t e r v a l .  P e r f o r m i n g  analogous calculat ions n t imes ,  we obtain the appropr ia t e  boundary conditions for the 
second spa t ia l  domain.  The t he rm ophys i ca l  c h a r a c t e r i s t i c s  in this domain  a r e  se lec ted  on the bas i s  of 
the  t e m p e r a t u r e  obtained on the boundary  of the second spa t ia l  domain.  ]Repeating this i t e ra t ion  p roce s s  
over  the whole se t  of spa t ia l  domains ,  we obtain the solution of the nonlinear p rob l em of heat  conduction, 
The  computat ional  re la t ionsh ips  obtained by using the method cons idered  above a r e  the following: 

1 { ~,~ t(yt, to)} (13) 
qi+l ' l= hF(y~, r q~,lAF[(l--y~), r ~ R 

f o r n = l a n d l - < i - I  

= k=O 

for  2--<n <- N a n d l - < i < - - I  
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In f in i t e  p l a t e  wi th  n o n s y m m e t r i c  b o u n d a r y  c o n d i -  

P a r t i t i o n  s c h e m e  fo r  t he  d o m a i n .  

R li--I n--I 1 

for  1 -~ n -- N and 1 ~ i ~ I .  Since the p r o c e s s  of ca lcula t ion using the fo rmu la s  p r e sen t ed  above is an  
i t e ra t ion ,  then  the quest ion of the s tabi l i ty  of the method used a r i s e s ,  which r educes  to  the quest ion of 
the s tabi l i ty  of the i n v e r s e  p r o b l e m  in s u c c e s s i v e  in te rva l s  with boundary conditions of the second kind. 
It  is known [41 that  the magnitude of the se lec ted  t i m e  in te rva l  influences the s tab i l i ty  of such a solution 
and  a l i m i t  ,.Omi n = z~/2 e x i s t s  (z i s  t h e  r e l a t i v e  d i s t a n c e  f r o m  the  h e a t - e x c h a n g e  s u r f a c e )  b e l o w  which  the  
s t a b i l i t y  of t he  s o l u t i o n  i s  s p o i l e d .  In  t h i s  e a s e  ~_Omi n ~ 0, i . e . ,  the  s o l u t i o n  of t he  s y s t e m  (9)-(12) in  
s u c c e s s i v e  i n t e r v a l s  i s  a b s o l u t e l y  s t a b l e .  

T o  v e r i f y  the  e f f e c t i v e n e s s  of t h i s  a p p r o a c h  to  t he  s o l u t i o n s  of n o n l i n e a r  p r o b l e m s  f r o m  the  v iewpoin t  
of  a c c u r a c y  of t h e  c a l c u l a t i o n s  and m a c h i n e  t i m e  e x p e n d i t u r e ,  a p r o b l e m  in  t h e  i n c o r r e c t  f o r m u l a t i o n  (1)- 
(4) w a s  c o m p u t e d  by  the  m e s h  me thod  and by  the  me thod  of s u c c e s s i v e  i n t e r v a l s .  The  s o l u t i o n  of the  l i n e a r  
p r o b l e m  of h e a t  conduc t ion ,  when  the  b o u n d a r y  c o n d i t i o n s  a r e  g i v e n  in  t he  fo l lowing  f o r m u l a t i o n :  

~ ( R ,  1:) ] 
= - -  - -  qo [1 + exp (--  b~)], 

Ox 

Or(O, x) 1 
- =  - -  7 -  %[1 - -  exp (--bT)] 

8x 

w a s  h e n c e  u s e d  a s  t h e  s t a n d a r d  s o l u t i o n .  T h e  c o m p u t a t i o n  was  c a r r i e d  out fo r  a body  wi th  t h e  c h a r a c t e r -  
i s t i c s  R = 0.05 m;  h = 69.78 W / ( m . d e g ) ;  a = 0 . 1 6 6 7 . 1 0  -4 m 2 / s e c ;  q0 = 1 7 4 0 0 W / m 2 ,  b = 0.007 s e c  - i .  

T h e  c o m p u t a t i o n s  c a r r i e d  out showed  tha t  f o r  a ~ = 0 . I  d u r a t i o n  of t he  t i m e  i n t e r v a l  and  p a r t i t i o n  of 
t h e  body  in to  fou r  s p a t i a l  d o m a i n s ,  t h e  e r r o r  in  r e p r o d u c i n g  the  d e s i r e d  b o u n d a r y  c o n d i t i o n s  a f t e r  the  
s e v e n t h  t i m e  i n t e r v a l  i s  t e n t h s  and h u n d r e d t h s  of a p e r c e n t .  Whi l e  e r r o r s  on the  o r d e r  of  1% in  

T A B L E  1. Computation of the Boundary Conditions for x = 0 

i Fo==nr 

0.1 
0 , 2  
0,3 
0,4 
0.5 
0,6 
0,7 
0,8 
0,9 
l,O 
1,5 
2,0 
2,5 
3,0 

�9 ) qm (r 

! 9 2  

5910 
7140 
8O45 
8783 
942O 
9982 

1O485 
1O935 
12596 
13578 

I 14158 
14447 

, Mesh method (Z 

4r % r (o, ~1 

88,01 --1,91 
--35,6 --0,72 
--45,8 0,83 

i --&8,8 2 
] --31,3 : 3,87 
[ -25,3 5,22 
[ --20,7 6,44 

--17 I 7,55 
F -14:3 8,551 

--12,2 9.44 
I - -  5.9 12,76 

- -  3,2 14,72 
- -  I 8 15,88 
- -  1:1 16,45 

. ! o ) . ,  _ Method of successive intervals(z =4) 
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4387,7 
- 2376,1 

718,6 
-190,5 

37,3 
--6,9 

1,8 
0,4 
0,6 
0,5 
0,2 
0,1 
0,1 
0,0 

t (0. x) 

9,53 
--8,41 

5,84 
2,26 
5,07 
5,99 
7,20 
8,22 
9,15 
9,99 

! 3,08 
14,91 
15,99 
16,63 
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- -  1797,5 --32894 
205,5 54123 
58.5] - - 2 1 4 2 4  
29.8[ 13401 
18.9[ 3542 
13.41 7034 
I O. I I 7286 
7,9[ ~ 6  

6'4 t 
5,3 9425 
2,4 I1701 
1,2 13048 
0 7 13845 
014 14317 

~,% 

9572,5 
1329,0 

--192,6 
33,7 

--6,3 
0,5 

--0,5 
--0,3 
---0.2 
--0,2 
- - 0 , 1  
--0,0 
--0,0 

- - 0 , f l  
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TABLE 2. Computation of the Boundary Conditions at x = 0 

l Method of sueeossive 
Fo Mesh method for z intervals (z= 10) 

Relative error in determining the heat-flux density Aq/q in 70 
z~10 z=20 - z=50 z=100 

o.s - - 6 o ; 3  
1,0 --73,3 --~,0 --~,6 --56,8 --29,3 
!.5 -27 ,6  -24 ,~ -22,~ -~1,5  5,6 
2,0 --13,4 --11,7 --16,7 --10,4 1,0 
2,5 -- 7,2 -- 6,3 -- 5,7 -- 5,6 0,6 
3,0 -- 4,0 -- 3,5 -- 3,2 -- 3,1 0,4 

Relative error m determining the surface temperatUre t (0, r) in 70 

0,5 I 37,9 l - - 5 o , 3  1,o 4~-,6 I 3~,6 34,1 4,8 
1,5 11,9 I 10,5 I 9,7 9,4 -- !,3 
2,0 5,3 [ 4,7 4,4 4,2 -- 0,4 
3,o 1,5 i 1,4 1,2 l ~  - o . 2  

reproducing the des i red  boundary conditions a re  reached in the mesh method for a 10 x 10 s p a c e - t i m e  
mesh  only af ter  20-25 t ime intervals  (see Table 1), the machine t imes  expended in computations by both 
these  methods were  equal. 

However,  for a ~ = 0.5 durat ion of the t ime interval ,  the accuracy  of the computations by the suc-  
cess ive  interval  method for  a par t i t ion into 10 spatial  domains is g r ea t e r  than the accuracy  of the mesh 
method, even with a par t i t ion into 100 spatial  domains (see Table 2), which is equivalent to a fourfold 
gain in machine t ime.  

The higher accuracy  in reproducing the des i red  boundary conditions in the success ive  intervals  
method as compared  with the mesh method is evidently re la ted  to the fact that the initial differential  
equation in the mesh  method is rep laced  by finite d i f ferences ,  while a stepwise approximation of the func- 
tions descr ib ing the t ime change in the boundary conditions in a given spatial  domain is made in the suc-  
cess ive - in te rva l s  method, hence the fo rm of the initial differential  equation remains  unchanged for this 
domain.  

The use of the proposed approach  to solve problems with sources  and to p rocess  experimental  data 
for an essent ia l  t empera tu re  dependence of the physical  pa r ame te r s  of the solid is the subject of a 
separa te  paper .  

t, t empera tu re ;  x, coordinate;  
t ivi ty;  c o, volumetr ic  specific heat; 
ence function f rom [3]. 

N O T A T I O N  

r,  t ime;  a,  the rmal  diffusivity; h, coefficient of the rmal  conduc- 
qi, heat-fluxdensity;  7, var iable  of integration; AF(y, n'~), r e f e r -  
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3. 
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